We study thermodynamic properties of Myers-Perry black holes by deriving explicit fundamental relations from which we can obtain the temperature and specific heat in terms of explicit control parameters in arbitrary dimensions. Using the definition of extremal black holes we establish the generalized Kerr bound in arbitrary dimension. We study thermodynamic geometries of the Myers-Perry black holes with equal angular momenta in arbitrary dimensions and draw thermodynamic cone diagrams which capture the extremal limits of the black holes. Thermodynamic state space is represented geometrically as a wedge embedded in Minkowski space. The opening angle of such a wedge is uniquely determined by the number of spacetime dimensions and the number of angular momenta. Our results can potentially be used to generalize thermodynamic instability analysis and other studies in which extremal limits of the Myers-Perry black holes are required.
Introduction
Black hole solutions in more than four spacetime dimensions have been the subject of increasing attention in recent years. Of particular interest are the Myers-Perry (MP) black holes [1] whose uncharged rotating version is a direct generalization of the Kerr black hole solution in General Relativity. The MP solutions are significant mainly because of the richness of the solutions themselves. This is due to the possibility of rotation in N independent rotation planes with the rotation group SO(d − 1) having Cartan subgroup U (1) N with
where ⌊ ⌋ denotes the integer part. To each of these rotations there is an associated angular momentum component J i . Dimensionality also plays a role when one consider the dynamics of the black hole solutions as pointed out by Emparan and Reall [2] . The other aspect of rotation that changes qualitatively as we increase the number of dimensions is the competition between the gravitational and centrifugal potentials. The radial fall-off of the Newtonian potential −
GM r d−3
depends on the number of dimensions, whereas the centrifugal barrier 6. This shows that the dimensionality will have dramatic consequences for the behavior of black holes. Vacuum black hole solutions in five dimensions include the so-called black rings when we consider stationary solutions with two rotational Killing vectors [3] . The black ring solutions in five dimensions are exact solutions having the horizon topology S 2 × S 1 . The other feature that appears in higher dimensions is the presence of black objects with extended horizons, i.e. black strings and in general black p-branes which are unstable objects [4] . We take note that these solutions are not asymptotically flat but they give us intuition for black holes in higher dimensions.
For a comprehensive classification of black hole species in higher dimensions we refer the reader to a review by Rodriguez [5] . Recently an interesting study of particle injections to MP black holes and black rings was done by Bouhmadi-Lopez et al. [6] finding that this particular way of destroying a black hole is not possible and that Cosmic Censorship is preserved.
In this paper we study merely the uncharged MP black hole solutions in asymptotically flat spacetime with arbitrary rotation in each of the N ≡ 
where
with the constraint
The function Π is defined as follows:
The metric is slightly modified for even d. The event horizons in the Boyer-Lindquist coordinates occur where g rr = 1/g rr vanishes. They are the largest roots of
The areas of the event horizon are given by
In d = 5 there can be only two angular momenta associated with the Kerr black hole, thus the area of the event horizon reads
The Bekenstein-Hawking entropy is given by S = k B A 4G , and we can choose k B = 1 π and G =
so that the Bekenstein-Hawing entropy for the MP black holes is simplified as
Parts of this paper are devoted to a study of extremal limits of MP black holes. Extremal black holes are those with vanishing temperature (because zero surface gravity is zero in the extremal limit). In a thermodynamic sense such the black holes do not radiate thermally.
The fundamental relation
In this section we study and derive a fundamental relation of MP black holes with all the allowed number of spins appearing in any number of dimensions. We utilize the manipulation employed in [7] in obtaining the fundamental relation. For the single spin case we begin by observing that
Inserting r + = S m in Eqs. (8) and (9) we can solve for m in terms of S and a where
and
Next we can solve for M which is given by
In the multiple-spin case we can follow the same procedure used in the single-spin case but we now have
and the desired mass formula M (S, J 1 , J 2 , ..., J n ) is found to be
which becomes zero in the extremal limit.
We study thermodynamic functions of the MP black holes and for simplicity concentrate on two special cases i.e. when (i) when a certain number of spins are zero and the remaining spins are nonzero and equal (ii) when all spins are turned on and are equal in magnitude. We will make attempts to investigate more general cases in forthcoming papers.
All nonzero spins J equal
For the particular case when we have n nonzero equal spins J, and remaining spins are zero we can write the mass function as
The temperature becomes after factorization
When T = 0 we have an extremal limit. If 2n d − 3 there will be an extremal limit at
This limit exists for 2n > d − 3 which can be expressed in (M, S) coordinates as or in (M, J) coordinates
For the case 2n = d − 3 case (requiring odd d) we have S ext = 0 and
For even d with all n = d 2 − 1 spins we can also express
For odd d with all n = d−1 2 spins we have Table 1 : Extremal limits in (S, J) coordinates for MP black holes in various spectrum of dimensions, d, for different angular momenta, n. A dash means that no extremal limit exists.
The Schwarzschild limit is when J = 0 and this sets a physical bound to be
We list the S J extr for d 11 in Table 1 . We present extremal limits in various coordinates for d up to 11 in Appendix B.
Specific heat
It is straightforward to compute the specific heat for MP black holes of dimension d with n equal spins is
It goes to infinity at
and except for 2n = d − 3 it has a zero at 
All spins J equal
For the particular case when all allowed
spins J are equal we still have
. For even d we have n = d 2 −1 and the temperature after factorization becomes
while for odd d we have n = d−1
2 and temperature
Thermodynamic geometries
In this section we study thermodynamic geometry (also known as Ruppeiner geometry [8] ) of the MP black hole families. Black hole thermodynamic geometry has been studied over the past decade, see e.g. [9] and references therein for a review. The geometrical patterns are given by the curvature of the Ruppeiner metric defined as the Hessian of the entropy on the state space of the thermodynamic system g
where M denotes mass (internal energy) and N a are other mechanically conserved parameters such as charge and spin. The indices i, j run over these parameters. The minus sign ensures that the metric has positive signature when the entropy function is concave. This metric is conformal to the so-called Weinhold metric (defined as the Hessian of energy function) via
where T is thermodynamic temperature of the system of interest. In ordinary thermodynamics it has been argued that the curvature scalar of the Ruppeiner metric measures the complexity of the underlying interactions of the system, i.e. the metric is flat for the ideal gas whereas it has curvature singularities for the van der Waals gas 3 . However the story is different in black hole thermodynamics in that results have been obtained but there has not been a consensus on how to interpret uncovered geometrical patterns of black hole thermodynamics. In [10] it is argued that local thermodynamic instability of black holes is encoded in the Ruppeiner metric, and that this method is consistent with the Poincaré method of stability analysis. Other works in this direction can be found in .
Apart from being a tool to analyze black hole's stability, it is expected that geometrical patterns (whether the metric is flat or nonflat) will play a role in the context of quantum gravity. Below we study both Ruppeiner and Weinhold geometries of the MP black holes in arbitrary dimensions. Instability of MP black holes have been investigated e.g. in [32] [33] [34] . Recently in [35] Astefanessei, Rodriguez and Theisen argue that the singularity of the Ruppeiner metric could help detect the threshold of the membrane phase of MP black holes. In particular they study the Ruppeiner curvature of doubly spinning MP black holes in arbitrary dimensions. Their results will be discussed in comparison with ours in this section.
We use an algebraic computation package CLASSI [36] in computing all the metrics and associated curvature scalars.
Weinhold and Ruppeiner metrics
The Weinhold metric in original coordinates is
For n = 1 this reduces to (37)-(38) in [7] . With the coordinate transformations
3 In this case the singularities are associated with phase transitions
it becomes diagonal and reads
This is a flat metric. It can be brought to Rindler coordinates
by an additional coordinate transformation
Finally we can transform the metric into Minkowski coordinates ds 2 W = −dt 2 + dx 2 using
The transformation from u to σ is best studied in three subcases depending on 2n is greater than, equal or less than d − 3. The flat metrics can be embedded as a state space wedge in the Minkowskian-like diagram, which we call thermodynamic cone 4 . The black hole temperature vanishes on the edge of the wedge, whilst the entropy vanishes on the thermodynamic cone. Hence this diagram can be used to decide which black hole families possess genuine extremal limits, i.e. the black hole families without extremal limits will have no state space wedges in the thermodynamic cone, see Fig. 5 .
The case 2n > d − 3
Here the transformation is
As here u extr =
we have
See also the appendix for further specifications on 2n = d − 2 and 2n = d − 1. 
The case 2n = d − 3
This applies to dimension 5 with 1 spin, dimension 7 with 2 spins etc. We use the following transformation
Here we obtain u extr = ∞ and we have The case 2n < d − 3
Here there are no extremal limits as T cannot become 0. Integration gives σ as
This formula will however not hold up to u → ∞.
We present additional special cases in Appendix A.
Ruppeiner metric
Given the conformal transformation, ds 2 R = 1 T ds 2 W , the Ruppeiner metric is easily obtained in the same coordinates (S, J) and differs from the Weinhold metric in Eq. (42) with λ W replaced by
The Ruppeiner metric is not flat and its curvature is given by
If 2n > d − 3 the curvature diverges at the extremal limit
whereas if 2n < d − 3 the curvature will diverge at
which is however not an extremal limit. For the 2n = d − 3 case the curvature is reduced to
Discussions
In this paper it is shown that MP black holes of dimension d with n equal nonzero spins and 2n d− 3 all have extremal limits as expected [1, 2] . Our findings suggest that we should classify MP black holes in three series depending on whether the value 5 of 2n − d + 3 is 0, 1 or 2. For black holes with 2n < d − 3 the Ruppeiner curvature diverges but they have no extremal limits. This is comparable to the recent finding in Ref. [35] where the authors are able to establish the minimum temperature surface on which the membrane phase of ultraspinning MP black holes takes place. In order to allow ultraspinning, i.e. infinitely large spin at least one of the possible ⌊ d−1
2 ⌋ spins must be exactly 0. This follows from the general temperature formula (21) which always allows T = 0 unless some J i are zero, see also example of d = 7 with three independent spins in Eq. (23).
Final remark and conjecture
We have derived explicit thermodynamic functions of Myers-Perry black holes namely the mass formula in any dimension for the MP black holes with an arbitrary number of angular momentum. We have also derived the Bekenstein-Hawking temperature and the specific heat of the MP black hole in general. It is readily seen that thermodynamic metrics vary with the number of dimensions, d and the number of angular momenta, n. We establish extremal limits of black holes for the MP black holes with arbitrary n in any dimension, in other words we are able to establish the generalized Kerr bound of multiply spinning Kerr black holes in higher dimensions. We study thermodynamic geometries of the Myers-Perry black holes with arbitrary angular momenta in various dimensions and present the outcomes by drawing thermodynamic cone diagrams which capture the extremal limits of the black holes. Thermodynamic state space can be geometrically represented as a wedge embedded in Minkowski space. The opening angle of such the wedge is uniquely determined by the number of spacetime dimensions and the number of angular momenta. We believe that these results will be useful for the purpose of studying higher dimensional black holes.
We conjecture that the membrane phase ultraspinning MP black holes is reached at the minimum temperature in the case 2n < d − 3 which is where the Ruppeiner curvature diverges.
